Log-concavity of rows of Pascal type triangles by Foldes, Stephan & Major, Laszlo
ar
X
iv
:1
60
8.
04
12
6v
2 
 [m
ath
.C
O]
  6
 M
ar 
20
19
LOG-CONCAVITY OF ROWS OF PASCAL TYPE TRIANGLES
STEPHAN FOLDES AND LA´SZLO´ MAJOR
Abstract. Menon’s proof of the preservation of log-concavity of sequences under con-
volution becomes simpler when adapted to 2-sided infinite sequences. Under assump-
tion of log-concavity of two 2-sided infinite sequences, the existence of the convolution
is characterised by a convergence criterion. Preservation of log-concavity under convo-
lution yields another method of establishing the log-concavity of rows of certain Pascal
type triangles. This includes in particular the log-concavity of rows of a weighted
Delannoy triangle. The method is also compared with known techniques of proving
log-concavity.
1. Introduction
For integer indexed 2-sided infinite sequences (an)n∈Z of non-negative real numbers
we consider the log-concavity property without internal zeros, which means that for all
integers n and for all positive integers p, q we have anan+p+q ≤ an+pan+q. Unimodality
of combinatorial sequences can be proved by establishing the stronger property of log-
concavity. The literature often refers back to the seminal papers by Stanley [20] and
Brenti [4].
In recent years there has been significant progress in the study of log-concavity and
unimodality properties of sequences appearing as rows and other transversals or rays in
combinatorial (arithmetic) triangles generalizing the triangle of Pascal. The articles of
Belbachir and Szalay [2], of Su and Wang [21] and of Yaming [24] deal with the classical
Pascal’s triangle, considering several types of transversals or rays. The approach to
generalizing Pascal’s triangle which consists of considering coefficient sequences of powers
pn of a given polynomial p as successive rows of an array - originating with Euler - is
central in the articles of Su and Zhang [23] and of Ahmia and Belbachir [1]. Both of these
articles study the log-concavity of the sequences of the coefficients of the polynomials pn.
If the polynomial p involved has several variables, then instead of Pascal type triangles,
Pascal type pyramids arise in which the various transversals and rays have been studied
by Belbachir, Bencherif and Szalay [3] and by Su and Wang [22]. Pascal’s triangle can
also be generalized using recursion formulas where each entry is computed as a weighted
sum of some of the entries above it in the triangle. Within this framework the log-
concavity property in weighted Delannoy triangles has been studied by Mu and Zheng
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[19]. The articles of Lin and Zeng [13] and of Zhu [25] deal with variable weights in the
recursion formulas.
In Section 3 of this note we return to an older construction of convolution triangles,
where the main focus was not log-concavity, introduced in the 70’s (see e.g. Hoggat and
Bicknell [10]).
The following Facts, which do not appear to have been stated explicitly in the related
literature, are easily verified. Also Proposition 1 and the Observation in the next section
seem to be new, but their proofs are straightforward and will thus be omitted.
Fact 1. If (an)n∈Z and (bn)n∈Z are log-concave then the term-wise product (anbn) is also
log-concave.
As well known, every log-concave sequence is unimodal. Indeed the property of log-
concavity itself can be characterized by the unimodality of certain derived sequences:
Fact 2. The sequence (an)n∈Z is log-concave if and only if for each fixed p the skew
self-product (anap−n)n∈Z is unimodal.
Remark. The modus of (anap−n) will be reached at ⌊p/2⌋ (also at ⌈p/2⌉), the floor and
ceiling coinciding for even p.
Fact 3. The following are equivalent for any non-null log-concave sequence (an)n∈Z:
(i) the sequence has a finite sum,
(ii) the terms of the sequence tend to 0 as n tends to infinity or minus infinity,
(iii) the indices where the sequence has maximal values form a non-empty finite interval.
The convolution of two sequences a = (an)n∈Z and b = (bn)n∈Z of non-negative num-
bers, denoted a∗b, is the sequence (sn)n∈Z with possibly infinite terms sn ∈ [0,∞], where
sn is the possibly infinite (divergent) sum∑
m∈Z
am · bm−n =
∑
m∈Z
an−m · bm
Proposition 1. Every term of the convolution of log-concave sequences (an)n∈Z and
(bn)n∈Z is finite if and only if for all p the terms of each skew product (anbp−n) tend to
0 as n tends to infinity or minus infinity.
2. Preservation of log-concavity under convolution
Certain properties of a sequence (an)n∈Z, not necessarily log-concave, are conveniently
discussed in terms of the associated formal Laurent series ΣanX
n, the product of se-
ries (ΣanX
n)(ΣbnX
n) corresponding to the convolution sequence (an) ∗ (bn) if it ex-
ists. For repeated convolutions of the sequence (an)n∈Z with itself (k-fold convolu-
tion with k factors) the exponential notation (an)
∗k is used, where (an)
∗1 = (an) and
(an)
∗0 = (. . . , 0, 0, 1, 0, 0, . . .). An important class of Laurent series is that of power
series, where an = 0 for all negative indices.
It is known that the coefficient sequence of the product of two formal power series
with log-concave non-negative coefficient sequences is also log-concave. This result was
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clearly stated and proved by Menon [17], and can also be deduced from the theory of
total positivity of Karlin [11] developed in a larger context. In fact Karlin already deals
with 2-sided infinite coefficient sequences, in other words, formal Laurent series. The
product of two formal Laurent series with non-negative coefficients may not exist, but
if it does, then log-concavity of the factors implies log-concavity of the product. This
fact is somewhat simpler to verify for Laurent series than for power series (as Menon
did), because Laurent series can be multiplied with any positive or negative power of the
indeterminate X , a reversible operation which obviously preserves log-concavity of the
coefficient sequence. Thus we need to verify only that in the product
(ΣanX
n)(ΣbnX
n) = ΣcnX
n
we have
c20 ≥ (c−1)(c1). (1)
The coefficients in question are infinite sums, assumed to be convergent,
c0 =Σakb−k
c−1 =Σakb−k−1
c1 =Σakb−k+1
For showing that (1) holds, the following general observation will be useful, applying to
any situation when we need to compare two sums of non-negative real numbers indexed
by the same index set, but term-by-term comparability for each index is not available.
Recall that the sum of a countable family of non-negative real numbers is always a
well-defined element of the extended real half-line [0,∞].
Observation. Let (pi) and (ri) be finite or infinite families of non-negative real numbers
indexed by the same set I, and let σ be a bijection I → I (permutation of indices). If
for each index i the inequality pi + pσ(i) ≥ ri + rσ(i) holds, then Σpi ≥ Σri even if pi ≥ ri
fails for some indices i.
Applying the Observation with I = Z2 = {(k, n) : k, n ∈ Z}, pk,n = akanb−kb−n and
rk,n = akanb−k−1b−n+1, to show that c
2
0 ≥ (c−1)(c1) we need to verify that∑
(k,n)∈Z2
pk,n ≥
∑
(k,n)∈Z2
rk,n (2)
For this, we define the permutation σ of the index set Z2 by σ(k, n) = (n− 1, k+1). For
each indexing pair (k, n), we claim that
pk,n + pσ(k,n) ≥ rk,n + rσ(k,n)
This inequality is equivalent to the non-negativity of
akanb−kb−n + an−1ak+1b−n+1b−k−1 − akanb−k−1b−n+1 − an−1ak+1b−nb−k
= akan(b−kb−n − b−k−1b−n+1)− an−1ak+1(b−nb−k − b−n+1b−k−1)
= (akan − an−1ak+1)(b−kb−n − b−k−1b−n+1)
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Simple case analysis shows that the two parentheses above are of the same sign, based
on the log-concavity of (an) and (bn). This argument, amounting to a version of Menon’s
proof for 1-sided infinite sequences [17], confirms the following:
Proposition 2 (see e.g. Karlin[11], Theorem 8.2). If every term of the convolution of
log-concave sequences (an)n∈Z and (bn)n∈Z is finite, then the convolution (an) ∗ (bn) is
also log-concave.
Note that the dual property of log-convexity is not preserved under convolution (see
Liu and Wang [14]).
3. Pascal type triangular arrays
Several broad generalizations of Pascal’s triangle were developed, in particular as
an approach to log-concavity (or unimodality) of (finite) combinatorial sequences (e.g.
Stirling numbers [18], f -vectors of polytopes). Kurtz’s construction involves row to
next row recursion using weighted summation of the two entries above a given entry
[12], a simpler instance of which was used to study f -vectors of cyclic polytopes [16].
Brenti’s more recent weighted summation formula is more complex than Kurtz’s, in that
it involves more than a single preceding row, but it also has different assumptions about
the weights [5]. The triangular construction may also proceed from fixing the (infinite)
right side of the triangle not necessarily consisting of 1’s. This approach is implicit e.g.
in Hoggar [9], the construction being in fact subsumed by the earlier convolution triangle
construction of Hoggatt and Bicknell [10]. In this section we establish the log-concavity
of the rows of a large class of convolution triangles, a special case being the log-concavity
of the rows of the Delannoy triangle.
A triangular array is a doubly indexed family of numbers T (n, k)n,k∈Z, where T (n, k)
is 0 unless 0 ≤ k ≤ n. The nth row of the array is the sequence (T (n, k))k∈Z. Obviously
this row has at most n+1 non-null terms. For any two sequences a = (an) and q = (qn)
whose terms are zeros for n < 0, the convolution array is the triangular array given by
T (n, k) = (a ∗ q∗(n−k))k for 0 ≤ k ≤ n, a = (an) being called initial side sequence and
q = (qn) the convolution multiplier sequence.
Lemma. Let a = (an) and q = (qn) be non-negative log-concave sequences whose terms
are zeros for n < 0. For k ≥ 1 define the sequences
b =a ∗ q∗(k−1)
c =a ∗ q∗k
d =a ∗ q∗(k+1)
For all n ≥ 1 the following inequality holds:
c2n ≥ dn−1 · bn+1
Proof. Now
c2n = (b0qn + · · ·+ bnq0)(b0qn + · · ·+ bnq0) (3)
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and
dn−1 · bn+1 =
( n−1∑
i=0
n−i−1∑
j=0
biqjqn−i−j−1
)
· bn+1 (4)
From (3) we have
c2n ≥
n−1∑
i=0
n−i−1∑
j=0
bi+j+1bn−jqn−i−j−1qj (5)
while because of the log-concavity of b, the product bi+j+1bn−j is always greater than or
equal to bibn+1 which proves the Lemma due to the expression (4). 
Based on the Lemma the following can be shown:
Proposition 3. For any two given log-concave sequences a = (an) and q = (qn) whose
terms are zeros for n < 0, taken as initial side and convolution multiplier sequence
respectively, every row of the corresponding convolution array is log-concave. (The nth
element in the kth row of the convolution array being given by T (n, k) = (a ∗ q∗(n−1))k
for 0 ≤ k ≤ n, T (n, k) = 0 for k ≤ 0 and n ≤ k.)
As an application, consider the triangular array which for any fixed real β, γ, δ ≥ 0 is
given by T (0, 0) = 1 and
T (n, k) = βT (n− 1, k − 1) + γT (n− 1, k) + δT (n− 2, k − 1) (6)
In other words, each entry in the array other than T (0, 0) is calculated as a weighted sum
of the two entries above and the third entry which is above the latter two. This is in fact
a weighted generalization of the Delannoy triangle (counting weighted lattice paths as in
Fray and Roselle [7] and Hetyei [8], but being less general than the generalized Delannoy
numbers in Dziemian´czuk [6], differing also from Loehr and Savage [15]). The log-
concavity of the rows of this generalized Delannoy triangle can be obtained as a corollary
of Proposition 3 (or, in a different framework, derived from Theorem 4.3 of Brenti [5]).
More concretely, Proposition 3 applies to the case where a = (. . . , 0, 0, 1, β, β2, . . .) and
q itself is given as the convolution
q = (. . . , 0, 0, 1, β, β2, . . .) ∗ (. . . , 0, 0, γ, δ, 0, 0, . . .)
This shows that the following holds:
Corollary (derivable also from Brenti [5]). For any fixed real numbers β, γ, δ ≥ 0 the
rows of the weighted Delannoy triangular array given by T (0, 0) = 1 and the recursion
(6) are log-concave.
Obviously the nth row of this generalized Delannoy triangle is the sequence of coeffi-
cients of the monomials of total degree n in the power series
∞∑
m=0
(βx+ γy + δxy)m
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Pascal’s triangle corresponds to the case β = γ = 1, δ = 0.
A statement stronger than the above corollary was proved by Mu and Zheng in [19],
relying on the assumtion that β = 1.
4. Comparison of methods to prove log-concavity
To establish the log-concavity of the rows of a triangular array the methods of Kurtz
and Brenti assume certain weighted recursion relationships that yield each row from one,
two or three previous rows, with different assumptions also about the weight sequences.
On the other hand, Proposition 3 above assumes that the triangular array is a convolution
array, generated from log-concave initial side and convolution multiplier sequences.
Kurtz’s method works to establish also the log-concavity of rows of certain convolution
triangles, which was used in particular to prove log-concavity of f -vectors of ordinary
polytopes (see [16], where convolution triangles have eventually decreasing, not necessar-
ily log-concave initial side sequences). Proposition 3 works also to establish log-concavity
of some triangular arrays where a row does not fully determine the next row (classical
and generalized Delannoy triangles).
The two approaches have a non-trivial overlap. For example, while an instance of
Proposition 3 with convolution multiplier q = (. . . , 0, 0, 1, 1, 1 . . .), as appearing implicitly
in Hoggar [9], provides a simple approach to verify the log-concavity of f -vectors of cyclic
polytopes, the first proof of this log-concavity property for the larger class of ordinary
polytopes was based on an argument amounting to an instance of Kurtz’s method [16].
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